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Background

• Data: Geocoded real estate transactions, along with information on several

other variables like floor area, no. of bedrooms, no. of bathrooms, amenities,

etc.

• Goal: Modelling the transactions on the remaining variables (covariates).

• Note: Transactions are spatially dependent.
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Spatial Model with Full Gaussian Process

Y (si ) = β⊤x(si ) + w(si ) + ε(si ), i = 1, 2, . . . ,N,

where:

• N: No. of observations

• si : Geographical coordinates for i-th observation

• Y (si ) is the response corresponding to the i-th observation

• x(si )p×1 is the vector of covariates for the i-th observation

• βp×1 is the vector of fixed effects regression coefficients

• w(si ) is the spatial random effect for the i-th observation

• ε(si ) is random noise for the i-th observation

• w(si ) and ε(si ) are uncorrelated.
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Spatial Model with Full Gaussian Process

• In matrix notation,

Y = Xβ + w + ε,

where Y = (Y (s1),Y (s2), . . . ,Y (sN))
⊤, X =

(︁
x(s1)⊤, x(s2)⊤, . . . , x(sN)⊤

)︁⊤
,

w = (w(s1),w(s2), . . . ,w(sN))
⊤ and ε = (ε(s1), ε(s2), . . . , ε(sN))

⊤.

• w ∼ N (0,Ω) and ε ∼ N (0, τ 2IN) are uncorrelated.

• Likelihood: Y ∼ N (Xβ,Σ), where Σ = Ω+ τ 2IN

• Notes:

• Likelihood computation involves |Σ| and Σ−1

• Computation time ≈ O(N3), Storage ≈ O(N2)

• Computationally intensive and memory prohibitive for large N
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Few Remedies

• Low Rank Approximation: Represents the large spatial process as a

combination of smaller representative effects.

• Fixed rank kriging (Cressie and Johannesson, 2006, 2008)

• Lattice Kriging (Nychka et al., 2015)

• Multiresolution approximation (Katzfuss, 2017)

• Sparse Inducing Methods: Retain the large spatial process, but make many

entries of the covariance or precision matrix equal to zero. Thus, spatial

dependence is represented mainly through nearby locations.

• Spatial partitioning (Sang et al., 2011; Anderson et al., 2014; Neelon et al., 2014)

• Nearest neighbor Gaussian process (Datta et al., 2016; Finley et al., 2022)

• Covariance tapering (Kaufman et al., 2008)

For a more detailed review of such methods, refer to Heaton et al. (2019).
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Spatial Partitioning
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Spatial Partitioning

−→

Dividing entire spatial domain into disjoint and spatially independent

regions/clusters
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Spatial Partitioning

• Spatial model with full Gaussian process and likelihood:

Y = Xβ + w + ε, Y ∼ N (Xβ,Σ)

• Partitioning of spatial domain D into K disjoint regions:

D = D1 ∪ D2 ∪ . . . ∪ DK (Dd ∩ Dd′ = ϕ, d ̸= d ′)
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Spatial Partitioning

Accordingly,

Y =

⎛⎜⎜⎜⎜⎜⎜⎝
Y1

Y2

...

YK

⎞⎟⎟⎟⎟⎟⎟⎠ , X =

⎛⎜⎜⎜⎜⎜⎜⎝
X1

X2

...

XK

⎞⎟⎟⎟⎟⎟⎟⎠ , β =

⎛⎜⎜⎜⎜⎜⎜⎝
β1

β2

...

βK

⎞⎟⎟⎟⎟⎟⎟⎠ , w =

⎛⎜⎜⎜⎜⎜⎜⎝
w1

w2

...

wK

⎞⎟⎟⎟⎟⎟⎟⎠ , ε =

⎛⎜⎜⎜⎜⎜⎜⎝
ε1

ε2
...

εd

⎞⎟⎟⎟⎟⎟⎟⎠
• Region wise model and likelihood:

Yd = Xdβd + wd + εd , Yd ∼ N (Xdβd ,Σd) (d = 1, 2, . . . ,K )
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Spatial Partitioning

• No spatial dependence among regions:

Σ ≈ Σ∗

⎛⎜⎜⎜⎜⎜⎜⎝
Σ1 O . . . O

O Σ2 . . . O
...

...
. . .

...

O O . . . ΣK

⎞⎟⎟⎟⎟⎟⎟⎠
• Joint likelihood:

p(Y ) ≈
K∏︂

d=1

p(Yd) =⇒ log p(Y ) ≈
K∑︂

d=1

log p(Yd)
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Spatial Partitioning

• Induces sparsity in covariance matrix through spatial independence assumption

among regions.

• Region wise log-likelihoods involving inversions of region wise covariance

matrices can be computed in parallel.

• Computation time ≈ O(N3/K 2), Storage ≈ O(N2/K ) (for balanced

partitions)
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Spatial Partitioning

• Some choices of partitions:

• Based on predefined regions (for example, macro markets for real estate

problems)

• Based on equal areas

• Based on hierarchical clustering algorithms

• Based on mixture models

Modelling Large Spatial Data 13/43
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Fixed Rank Kriging
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Fixed Rank Kriging

−→

Covering the map with fewer overlapping smooth location effect patterns

Modelling Large Spatial Data 15/43



An Overview Spatial Partitioning Fixed Rank Kriging NNGP Model Comparisons References

Fixed Rank Kriging

• Spatial model with full Gaussian process and likelihood:

Y (si ) = β⊤x(si ) + w(si ) + ε(si ), i = 1, 2, . . . ,N

• Approximation of spatial process using basis functions:

w(si ) ≈
M∑︂

m=1

ηmhm(si ), (M << N)

where h1(si ), h2(si ), . . . , hM(si ) are the basis functions, and η1, η2, . . . , ηM are

the corresponding random basis coefficients.
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Fixed Rank Kriging

• Model after approximation:

Y (si ) ≈ Y ∗(si ) = β⊤x(si ) +
M∑︂

m=1

ηmhm(si ) + ε(si ), i = 1, 2, . . . ,N

Modelling Large Spatial Data 17/43
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Fixed Rank Kriging

• Joint model of all observations:

Y ≈ Y ∗ = Xβ +Hη + ε,

where Y ∗ =

⎛⎜⎜⎜⎜⎜⎜⎝
Y ∗(si )

Y ∗(s2)
...

Y ∗(sN)

⎞⎟⎟⎟⎟⎟⎟⎠, η =

⎛⎜⎜⎜⎜⎜⎜⎝
η1

η2
...

ηM

⎞⎟⎟⎟⎟⎟⎟⎠, H =

⎛⎜⎜⎜⎜⎜⎜⎝
h1(s1) h2(s1) . . . hM(s1)

h1(s2) h2(s2) . . . hM(s2)
...

...
...

...

h1(sN) h2(sN) . . . hM(sN)

⎞⎟⎟⎟⎟⎟⎟⎠.
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Fixed Rank Kriging

• Covariance Structure:

• Σ ≈ Σ∗ = Var(Y ∗) = HΛH⊤ + τ 2IN , where ΛM×M = Var(η) has rank

M << N

• Σ∗−1

= (HΛH⊤ + τ 2IN)
−1 = (τ 2)−1

[︁
IN −H(τ 2Λ−1 +H⊤H)−1H⊤]︁

• |Σ∗|= (τ 2)N
⃓⃓
IM + (τ 2)−1ΛH⊤H

⃓⃓
Likelihood computation only involves inversions & determinants of

M ×M matrices
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Fixed Rank Kriging

• Induces low rank approximation in the covariance matrix of spatial process by

representing the spatial process through linear combination of basis functions.

• Computation time ≈ O(NM2), Storage ≈ O(NM)
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Recall

Full GP spatial regression model

For observations collected at locations s1, . . . , sn,

y(si ) = x(si )
⊤β + w(si ) + ε(si ), w ∼ N(0,C(θ)) .

Covariance structure

C(θ) =

⎡⎢⎢⎢⎣
C11 · · · C1n

...
. . .

...

Cn1 · · · Cnn

⎤⎥⎥⎥⎦
n×n

Cij = C (si , sj | θ) = Cov{w(si ),w(sj)}

Computational cost

Model estimation involves

C(θ)−1 and |C(θ)|.

Flops ≈ O(n3), Storage ≈ O(n2).

Becomes infeasible for large n.
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Other Approaches for Large Spatial Data

Low-rank approximation

Main idea
Represent the spatial process at all n
locations using its values at a much smaller
set of r ≪ n representative locations, called
knots.

Computational cost : O(nr2).

Advantage
Fast when the number of knots r is small.

Limitation
With too few knots, the fitted spatial
surface may be overly smooth and may miss
important local variation. Increasing r
improves the approximation but also
increases the computational cost.

Sparsity-inducing methods

Main idea
Retain the large spatial process, but make
many entries of the covariance matrix or
precision matrix equal to zero. Thus,
dependence is represented mainly through
nearby locations.

Advantage
Sparse matrices require much less storage and
allow faster computations while preserving
local spatial structure.

Limitation
Some earlier sparse methods provide only a
finite-dimensional likelihood approximation.
They may not define a complete spatial
process for inference and prediction at
arbitrary new locations.
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What Gap Does NNGP Fill?

Problem with existing approaches

• Low-rank methods may lose fine-scale spatial variation.

• Earlier sparse methods often used sparsity for parameter estimation, while prediction

at new locations required a separate kriging step.

NNGP contribution

NNGP defines a valid spatial process while retaining sparsity.

Hence, estimation, spatial process inference, and prediction are all performed within one

unified model.

Modelling Large Spatial Data 24/43
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Basic Notation

Consider a q-variate spatial process over Rd :

w(s) ∼ GP (0,C(·, · | θ)) , s ∈ D ⊆ Rd .

• D: spatial domain of interest.

• d : dimension of the spatial domain (usually d = 2 for longitude–latitude).

• s: a location in the spatial domain.

• q: number of spatial variables/processes.

•

w(s) = (w1(s), . . . ,wq(s))
⊤ ∈ Rq

is the q-dimensional spatial process at location s.

• θ: parameters associated with the spatial covariance structure.

C(s, t) = [Cov{wi (s),wj(t)}]q×q .

Modelling Large Spatial Data 25/43
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Reference Set Notation

Let
S = {s1, s2, . . . , sk}

be a fixed set of k distinct locations, called the reference set.

Define
wS =

(︂
w(s1)

⊤, . . . ,w(sk)
⊤
)︂⊤

,

so that wS is qk × 1.

wS ∼ N (0,CS(θ)) ,

where CS(θ) is a qk × qk positive-definite block covariance matrix with C(si , sj) as its

blocks.

Modelling Large Spatial Data 26/43
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NNGP Idea: Conditional Density Approximation

The full joint density can be written as a product of conditional densities:

p(wS) = p(w(s1))p(w(s2) | w(s1)) · · · p(w(sk) | w(sk−1), . . . ,w(s1)).

Problem: for large k, the conditioning set becomes very large.

In NNGP approach: replace the large conditioning set by a small neighbor set N(si ),

with size at most m, where m ≪ k.

˜︁p(wS) =
k∏︂

i=1

p
(︁
w(si ) | wN(si )

)︁
.

Here, wN(si ) is the vector of spatial process values at the selected neighbors of si .

Key idea: each location depends only on a few nearest previous locations.
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Neighbor Sets as a Directed Graph

Idea: Treat locations as nodes. If sj ∈ N(si ), draw a directed edge from si to sj .

Directed cyclic graph

s1 s2

s3

There is a closed directed path:

s1 → s2 → s3 → s1.

Directed acyclic graph

s1 s2

s3

No closed directed path. This is a directed acyclic

graph.

In NNGP, neighbor sets are chosen so that the graph is acyclic. This ensures that the

product of conditional densities defines a valid joint density.
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When p(wS) is multivariate Gaussian density then,

˜︁p(wS) =
k∏︂

i=1

N
(︁
w(si )

⃓⃓
BsiwN(si ),Fsi

)︁
.

where
Bsi = Csi ,N(si )C

−1
N(si )

,

Fsi = C(si , si )− Csi ,N(si )C
−1
N(si )

CN(si ),si .

• BsiwN(si ): conditional mean of w(si ) given its neighbors.

• Fsi : conditional covariance, i.e., remaining uncertainty after conditioning on the

neighbors.

• N(si ) contains at most m members for each si ∈ S, where m ≪ k, then ˜︁C−1
S is sparse

with at most k m(m+1)q2

2
non-zero entries.
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Extending the Model Beyond the Reference Set

So far, the joint density is defined only over the reference set

S = {s1, . . . , sk}.

Now consider a new location
u /∈ S.

Let N(u) be the set of the m nearest neighbors of u from S. Then,

w(u) | wS ∼ N
(︁
BuwN(u),Fu

)︁
.

where

Bu = Cu,N(u)C
−1
N(u), Fu = C(u, u)− Cu,N(u)C

−1
N(u)CN(u),u.

Thus, a new location depends only on its m nearest reference locations.
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Now, consider a finite set of locations outside S,

U = {u1, . . . , ur}, U ∩ S = ∅.

The conditional density is defined as

˜︁p(wU | wS) =
r∏︂

i=1

p
(︁
w(ui ) | wN(ui )

)︁
.

Under the parent Gaussian process,

wU | wS ∼ N (BUwS ,FU ) ,

where

FU = diag (Fu1 , . . . ,Fur ) .

BU is sparse matrix of order rq × kq with each row having at most mq non-zero entries.
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NNGP

For any finite set V = {v1, . . . , vr} ⊂ D, NNGP defines

wV ∼ N
(︂
0, ˜︁CV

)︂
where ˜︁CV is formed from pairwise covariances ˜︁C(vi , vj ).

˜︁C(v1, v2) =
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

˜︁Csi ,sj
, v1, v2 ∈ S,

Bv1
˜︁CN(v1),sj

, v1 /∈ S, v2 = sj ∈ S,

Bv1
˜︁CN(v1),N(v2)

B⊤
v2

+ δv1=v2Fv1 , v1, v2 /∈ S.

Covariance intuition

• Both in S: use the covariance already defined on the reference set.

• One outside S: the outside location is connected to the reference set through its nearest

neighbors.

• Both outside S: their dependence is passed through the covariance between their neighbor

sets.

• If v1 = v2, add Fv1 , the remaining conditional variance.
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Computational Complexity of NNGP

NNGP avoids operations on the full n × n covariance matrix.

For each location, it uses only its m nearest neighbors, where

m ≪ n.

Hence, only small m ×m matrix operations are required.

The dominant computational cost is

O
(︂
(n + k)m3

)︂
where k is the size of the reference set.

If m is fixed and small, the cost grows approximately linearly with the number of

locations.
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Choice of Reference Set S and Neighbor Size m

Choice of reference set S

• A simple and effective choice is S = T , where T is the set of observed locations.

Choice of neighbor size m

• Values between 10 and 15 generally performed close to the full GP.
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Simulation Experiment: Setup

Data generation

• Generated data at n = 2500 locations in a unit square block.

• Used a univariate spatial regression model with:

y(si ) = β0 + β1xi + w(si ) + εi .

• Covariate xi ∼ N(0, 1).

• Spatial effect w(s) generated from a Gaussian process with exponential covariance.

Models compared

• Full Gaussian Process model.

• NNGP models with different neighbor sizes m.

• NNGP with S = T and S ̸= T .

• Gaussian Predictive Process with 64 knots (a low rank approximation method).
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Simulation Result

Figure 1: Univariate synthetic data analysis parameter estimates and computing time in

minutes for NNGP and full GP models.
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Simulation Result

Figure 2: Univariate synthetic data analysis: interpolated surfaces of the true spatial random

effects and posterior median estimates for different models.
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Thank You
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